We develop an efficient numerical method for calculating the image stress field induced by spherical voids in materials, and applied the method to dislocation-void interactions. The method is constructed based on a complete set of basis functions for the displacement potential of the elastic boundary value problem for a spherical hole, as well as the corresponding displacement, stress, and traction fields, all in terms of linear combinations of spherical harmonics. Using the fast transformation between the real and sphericalharmonics spaces provided by the SHTOOLS package, the method is more efficient than other image stress solvers such as the finite-element method. This method can be readily extended for solving elasticity problems involving inclusions and inhomogeneities, as well as contact between spheres. The tools developed here can also be useful for fast solution of differential equations with spherical boundaries beyond elasticity.
Introduction
Fracture of ductile materials is mainly controlled by the nucleation, growth and coalescence of the voids in the material (Tvergaard, 1989) . In continuum models, the growth of micro-voids (>10 µm) can be described by the plastic flow of the material around a spherical hole (Benzerga et al., 2016) . For very small voids (<100 nm), such as during the initial state of void growth, the kinetics is controlled by dislocation loop emitting from the void (i.e. material being punched out from the void) (Lubarda et al., 2004) . The dislocation loop emission mechanism has been studied by atomistic simulations (Traiviratana et al., 2008; Potirniche et al., 2006a Potirniche et al., , 2006b ). However, for the intermediate-size voids (∼1 µm), the growth kinetics is too large for atomistic models and too small to be adequately described by continuum models. The growth kinetics of micron-sized voids is influenced by not only the dislocations emitting from the void surface, but also the nearby dislocations interacting with the void surface (Chang et al., 2015) , which usually happens in the length scale of 10 µm to 100 µm, greatly exceeding the length scale of atomistic simulations. At this scale, dislocation dynamics (DD) simulation becomes a suitable tool to study the growth kinetics of voids.
DD simulation is a method to quantitatively link the macroscopic plasticity of crystalline materials with the underlying dislocation structures and interactions (Arsenlis et al., 2007) . Under a wide range of temperature and strain rate conditions, plastic deformation is dominated by dislocation motion and interactions. By considering only the dislocation lines instead of keeping track of all the atomic positions, DD simulations can reach a length scale of ∼10 µm at a time scale of 1 µs (Sills et al., 2016) , which is comparable to the scale of interest for micron-sized void growth kinetics. This means that potentially, it is possible to model all the dynamical behavior of dislocations around the void, the void-dislocation interactions, and their influence to the void growth kinetics, hence filling the gap between the atomistic modeling of the very small voids and the continuous modeling of the large voids.
Over the last ten years, DD simulations have been used to understand the size effect of void-dislocation interactions in two dimensions Llorca, 2009, 2010) and in three dimensions (Munday et al., 2015) . However, all these works have been limited to small strain and low dislocation density, due to the method for dealing with the interaction between dislocations and the free surface of the void. In these works, the finite-element method (FEM) has been used for solving the image stress needed to satisfy the boundary condition associated with the interaction between dislocations and the free surface of the void. Since the image stress needs to be solved at every iteration of the DD simulation, the accuracy and efficiency of DD simulations for void-growth problems have been limited by the FEM image stress solver.
In this work, we develop a semi-analytical method to solve the image stress on spherical surfaces. We find a complete set of basis functions for the solution of the elasticity problem represented in terms of linear combination of spherical harmonic functions. Using fast spherical harmonic transformation provided by SHTOOLS (Wieczorek et al., 2016) , the method finds the superposition of the basis functions that satisfies an arbitrary traction boundary condition on a spherical surface. Because finding the correct su-perposition to satisfy the boundary condition requires only the solution of a sparse linear system on the spherical surface, this method has higher accuracy and efficiency compared with other solvers such as FEM, which requires a 3D mesh, and the boundary element method (BEM), which requires the solution of a dense linear system. The method relies on the availability of the expansion coefficients of the basis functions and their displacement, stress and traction fields in terms of the spherical harmonic functions. These coefficients are pre-computed using the ShElastic toolbox developed here, which is built on top of a set of symbolic manipulation tools (specifically multiplication and spatial derivatives) for functions expressed in the spherical harmonics space. These symbolic tools are likely to be useful for solving other partial differential equations with spherical boundaries beyond elasticity.
This paper is organized as follows: In section 2, we formulate the image stress problem using the dislocation-void interaction as an example. In section 3, we develop the spherical harmonic solution for the image stress problem. In section 4, we present numerical results of several classical elasticity problems, including the dislocation-void interaction, to validate the method. Discussions on further generalizations of the method are given in section 5. The appendices provide derivations needed for the development of the ShElastic toolbox.
Image Stress Problem
In DD simulations, the dislocation lines are discretized into straight segments connecting a set of nodes, which are the degrees of freedom (DOF) in the model (Arsenlis et al., 2007) . In every time step of DD simulation, the most time consuming stage is evaluating the forces acting on the nodes. The Peach-Koehler force per unit length acting on the dislocation segment is calculated as:
where b is the Burger's vector, and ξ is the line direction vector. σ tot is the total stress field acting on the dislocation segment. When the solid has a spherical (internal) surface ∂Ω that satisfies the traction-free boundary condition, the total stress field σ tot can be obtained as the superposition of two fields σ ∞ and σ img (van der Giessen and Needleman, 1995), which are the solutions of two subproblems, as shown in figure 1 (a) and (b), respectively. Let the stress induced by all the dislocations and external applied stress in an infinite elastic continuum (with no boundaries) be σ ∞ , as shown in figure 1(a) , and let the corresponding displacement field be u ∞ . Both σ ∞ and u ∞ of a given dislocation structure in an infinite medium can be obtained analytically (Hirth and Lothe, 1982; Cai et al., 2006) . A traction field T ∞ on the spherical boundary ∂Ω is required if σ ∞ is applied to the domain Ω, where T ∞ = σ ∞ · n h and n h is the surface normal of the hole (i.e. n h points towards the center of the sphere). To satisfy the traction-free boundary condition in the original problem shown in figure 1 (c), an image traction T img = −T ∞ is introduced to cancel the T ∞ on the spherical surface ∂Ω. The stress field in the continuum Ω induced by the image-traction boundary condition is called the image stress σ img . Here the image stress problem refers to the boundary-value problem on a spherical surface for solving σ img as shown in figure 1(b) .
For certain boundary shapes, it is possible to use the symmetries of the geometry to derive semi-analytical solutions to reach both high efficiency and accuracy, such as , who developed a general method for solving the image stress problem on a cylindrical shape boundary based on fast Fourier transform (FFT). For spherical-shaped boundaries, analytical solutions have only been developed for a number of specific problems. For example, Willis et al. (1972) and Gavazza and Barnett (1974) developed analytical solutions for the interaction between an infinite straight screw dis-location and a spherical void. For the void-growth problem which requires DD simulations with voids, it is of interest to develop a general image stress solver for spherical voids subjected to arbitrary image tractions (produced by curved dislocation lines) with higher accuracy and efficiency than other general methods for elasticity such as FEM.
In this paper, we develop such a semi-analytical method, which solves the image stress problem with any arbitrary traction on the boundary of a spherical hole in an infinite medium. Using this method, it is also easy to obtain the displacement field and the elastic energy, which are often of interest. In addition, the method can be readily generalized to solve elasticity problems with displacement (or mixed displacement-traction) boundary conditions on the void surface, as well as other types of elasticity problems involving spherical-shaped boundaries such as dislocation-inclusion interaction and contact between spheres. The tools developed in this work may also find uses for solving other boundary-value problems beyond elasticity.
General Solution to the Image Stress Problem with Spherical Boundary
For an isotropic linear elastic material without body force, the equilibrium condition can be written in terms of the displacement field u as:
where λ and µ are Lamé constants. We shall consider boundary condition as specified by the traction vector T img defined on the surface ∂Ω, as shown in figure 1(b) .
In general, we solve the image stress problem in the following steps:
1. Based on the Papkovich-Neuber representation, we find a complete set of fundamental displacement solutions u (K) that spans the solution space of equation (2) . Using the ShElastic toolbox developed in this work (see Appendix A), the displacement field u (K) , and the corresponding stress field σ (K) and traction T (K) can be automatically generated and expressed as the superposition of spherical harmonic functions Y m l (for definitions see Appendix B). 2. The user specified traction boundary condition T img (θ, ϕ) is expanded in terms of the fundamental traction solutions T (K) :
where a K are the expansion coefficients. This is accomplished by first expanding T img as a linear combination of Y m l using SHTOOLS (Wieczorek et al., 2016) , and then solve a set of linear equations. 3. The image stress solution σ img can be obtained as a linear combination of the stress fields σ (K) :
4. Similarly, the displacement field u img in figure 1 (b) can be obtained as:
5. Finally, after the displacement and the traction on the spherical interface is obtained, the elastic energy
el corresponding to the interaction between the dislocation and void can be calculated as:
where the integral is over the spherical surface. The proof of equation (6) is provided in Appendix C. The integral can be easily evaluated in the spherical harmonics space as 4π times the complex inner product of the spherical harmonics coefficients of T ∞ and u ∞ + u img .
Represent Fundamental Solutions in Spherical Harmonic Space
In this section, we describe how to construct the fundamental displacement bases u (K) , the corresponding σ (K) , and T (K) fields that span the solution space. In this work, we derive the solution based on the PapkovichNeuber representation (Barber 3rd ed., 2009), because the displacement potentials satisfy the Laplace's equation which have the general solution in terms of spherical harmonic functions. According to the Papkovich-Neuber solution, the following displacement field satisfies the equilibrium condition (2):
where the displacement potential ψ (K) (r, θ, ϕ) is a harmonic vector field, i.e. every component of 
where C used in this work is provided in Appendix B.1. For the image stress of a spherical void in an infinite continuum, the r l terms can be eliminated since the solution should decay to zero as r → ∞. Therefore, we choose the bases of the displacement potential as:
whereê k is the unit vector in the k-th direction (k = x, y, z). Here we use index (K) as a short-hand notation for 3-integer indices (k, l, m). The completeness of this solution to the elasticity equation is proved in Appendix A.1.
In this work, we only discuss the spherical void problem. However, adding the r l terms in the fundamental solution bases would lead to a solution applicable to linear elasticity problems in solid spheres and spherical inclusions.
Given a displacement potential basis ψ (K) , we can derive the displacement u (K) (r, θ, ϕ), the corresponding stress field σ (K) (r, θ, ϕ), and the traction vector T (K) (θ, ϕ) on the spherical surface r = r 0 in the following form:
where
, (i, j = x, y, z) are the r-independent parts of displacement, stress, and traction respectively. Since any complex squareintegrable function of (θ, φ) can be expressed as a linear combination of Y m l (equation (B.15)), the orientation-dependence of the displacement U (K) j (θ, ϕ) can be represented as:
whereÛ K jl ′ m ′ are the spherical harmonic expansion coefficients. Similarly, we can express the stress and traction in terms of spherical harmonics with expansion coefficientsŜ
In addition, we use indices (J) and (I) as the shorthand notations for (j, l ′ , m ′ ) and (i, j, l ′ , m ′ ) respectively, so that the displacement, stress and traction fields can be represented by the expansion coefficientsÛ
These constant coefficients can be precomputed given the elastic constants µ and ν, and can be used repeatedly for solving the image stress problem over multiple DD time-steps. The coefficients can be represented as a sparse matrix with K as column index and J (or I) as row index.
The elementary operations needed for calculating the spherical harmonic expansion coefficients are the product of two functions and the spatial gradient of a function. For this purpose, we develop the ShElastic toolbox to obtain these coefficients analytically. Based on these two linear operations, the toolbox is able to calculate the spherical harmonic representation of displacement, stress, and traction based on the spherical harmonic bases of the displacement potential ψ (K) . In addition, the toolbox can be easily applied to other differential equations such as Love's solution for linear elasticity problems, or partial differential equations beyond elasticity (such as heat and electromagnetism). The detailed derivation of the toolbox is discussed in Appendix A.
Solve the Image Stress Problem in Spherical Harmonic Space
To simplify the notation, we express the radial coordinate r in units of the void radius r 0 , i.e. r * = r/r 0 . Then the boundary condition set by the image traction vector T img (θ, ϕ) can be sampled on a n×2n regular mesh of the unitsphere surface with r * = 1. The image stress and the displacement at any arbitrary point (x, y, z) can be evaluated with scaled coordinates on the unit sphere, i.e. σ
, where x * = x/r 0 , y * = y/r 0 , z * = z/r 0 . We assume every component of traction T img j (θ, ϕ), (j = x, y, z) is a square-integrable function, so that we can obtain the spherical harmonics coefficients through numerical spherical harmonic transform algorithms such as SHTOOLS with the maximum degree l ′ max = n/2:
Again, we will use (J) to represent the indices (j, l ′ , m ′ ). With the spherical harmonics coefficientsT img J and the coefficients matrixF K J of the fundamental solutions given in equation (12), we can express the traction boundary condition (3) in the following form:
where the coefficients a K can be solved from the set of linear equations (16) . Finally, the image stress solution can be reconstructed using the coefficients
where the coefficients are given bŷ
Therefore, the image stress field σ img at an arbitrary point (r, θ, ϕ) can be obtained by inverse spherical harmonic transform (equation (17)) using SHTOOLS, i.e. by superposition of the spherical harmonics with coefficientŝ σ img ijl ′ m ′ (r * ) evaluated at r * = r/r 0 . Similarly, the image displacement field can be obtained by superposing the fundamental solutions u (K) as:
Numerical Results
To verify the convergence and accuracy of the image stress method introduced above, we present three test cases for computing the image stress produced by (1) external loading, (2) an infinite straight screw dislocation, and (3) a prismatic dislocation loop, respectively. In the test case (3), we obtain the accurate numerical solution of the glide and climb forces on the prismatic dislocation loop size smaller and larger than the void size, which verifies the qualitative analysis by Willis and Bullough (1969) .
In addition, to illustrate the efficiency and accuracy of our method, we perform FEM calculations with ABAQUS (2017) running in serial mode. The FEM geometry takes the shape of a large cube containing a small spherical void and is discretized with second-order tetrahedral elements. The cube is 50 times larger than the void to minimize the external boundary effects of the cubic surfaces. The elements are refined around the spherical void and then gradually coarsened away from the void. The image stress values are obtained on Gauss points and then linearly interpolated along points of interest to compare with the spherical harmonics solution.
Both the spherical harmonic image stress solver (using pre-computed coefficients from ShElastic) and the FEM calculations are performed on a personal computer running Ubuntu16.04. The spherical harmonics method is implemented in python3.6 and the sparse matrix solver is provided by numpy1.13 and scipy1.0.
Test case 1 -Spherical void subjected to tensile load
We first consider the problem of a spherical void in an isotropic medium under uniaxial tension, as shown in figure 2 . The analytical solution of the stress field σ zz (r) on the x-y plane (z = 0) is given by Sadd (2014):
where σ ∞ is the applied tensile stress; r 0 is the radius of the void; ν is the Poisson's ratio of the elastic medium. To utilize our spherical harmonic solution, we first perform spherical harmonic decomposition of the image traction boundary condition on the void surface according to the equation (B.6):
The parameters in the calculation are taken as ν = 1/3, σ ∞ = 1, r 0 = 1. The solution of the linear set of equations (16), i.e. the coefficients a K , is given in Table (1). The solution converges with 10 modes (l max = 3), and the modes with higher l have zero coefficients. The total stress field can be evaluated as follows:
We compare the stress on the x-y plane with the analytical solution and FEM in figure 2 . FEM calculations of the image stress problem was performed with 84175 tetrahedral elements, and has an maximum relative error of 3 % with a computation time of 460 s. In comparison, the spherical harmonics image stress solver is able to reach the error of 3.5 × 10 −15 with the simulation time of 0.026 s. Therefore, our method outperforms FEM in both accuracy and efficiency. 
Test case 2 -Interaction between a void and a straight dislocation
Gavazza and Barnett (1974) and Willis et al. (1972) developed analytical solutions independently, to the problem of the interaction between a spherical inclusion (with elastic constants λ 2 , µ 2 ) and an infinite long straight screw dislocation in an isotropic infinite medium (with elastic constants λ 1 , µ 1 ). These solutions reduce to the case of dislocation-void interaction in the limit of λ 2 , µ 2 → 0. The geometry of the problem is shown in the inset of figure 3a.
According to the symmetry of the problem, the Peach-Koehler force f given in equation (1) is only in the x-direction, and is a function of the void-dislocation distance t and coordinate z along the dislocation line:
, where b is the magnitude of the Burger's vector and σ img is the image stress induced by the dislocations interacting with the void surface. The analytical solution of the image stress σ img yz (x, y, z) is given in Gavazza and Barnett (1974) .
In this test case, we set µ = 52.5 GPa, ν = 1/3, t/r 0 = 1.5, r 0 = 1.25 nm, and b = 0.25 nm (Steinmetz et al., 2013) . The stress field of the dislocation in an infinite medium is:
We truncate the solution to a finite series of spherical harmonics to achieve the required accuracy and efficiency. We truncate degree l up to a maximum value l max , and for each l we include all the m values, −l ≤ m ≤ l, to preserve the spherical symmetry. Figure 3a shows the image shear stress σ img yz with different l max . At l max = 20, the image stress computed by the numerical method agrees with the analytic solution very well. Figure 3b shows that the relative error compared to the analytical solution decreases exponentially with increasing l max . Figure 3b also shows that the matrix solving time increases quadratically with l max , and the solution evaluation time only increases linearly with l max . The quadratic scaling of the matrix solving time is consistent with the dimension (or rank) of the sparse matrixF K J , which is on the order of (l max + 1)
2 . According to equation (4), the coefficientsσ img ijl ′ m ′ (r * ) depends on the r l+1 , where l is the second index of the fundamental solution (K) = (k, l, m). The linear scaling of the solution evaluation time with l max is due to the implementation in which the solutions with the same l-index are grouped and evaluated together. Figure 3b shows that the method converges rapidly as l max increases. For the case of t/r 0 = 1.5 with l max = 20, our method already reaches a relative error of 10 −6 using only 0.38 s of computation time. For comparison, we also performed FEM simulation of the void-dislocation interaction at t/r 0 = 1.5. In order to reach an acceptable accuracy, 84175 tetrahedral elements are used. The maximum relative error of the image stress calculated by FEM is marked as a blue dashed line in figure 3b for comparison with the spherical harmonics method. The relative error of the FEM solution can be as high as 3.8 %, and the calculation takes 387 s. Our spherical harmonics method outperforms the FEM method on both accuracy and efficiency by almost four orders of magnitude in the void-dislocation interaction calculation. We expect our method to achieve even higher efficiency with a C or Fortran implementation, which would significantly improve the efficiency of DD simulation of void growth problems. 
This is the dominant term at large t, and will be referred to as the asymptotic image energy. The 1/t 2 scaling of the asymptotic image energy is expected because the stress field of the dislocation scales as 1/t so that the elastic energy stored in a spherical volume of an infinite medium should scale as 1/t 2 for very large t. Figure 4 (b) compares our numerical results for the image energy E img el against the analytic expression. Again, very good agreement is observed between the two; the maximum relative error is less than 0.8% at t = 1.1 r 0 with l max = 20. While the asymptotic expression provides a good description for the dislocation-void interaction energy at large t, it significantly underestimates the magnitude of the interaction at small stand-off distances (e.g. by ∼ 12% for t < 1.5 r 0 ).
Test case 3 -Interaction between void and a prismatic dislocation loop
One of the key mechanisms of void growth is the interaction between the void and a nearby prismatic dislocation loop (PDL) (Lubarda et al., 2004) . Several analytical methods have been proposed to model this interaction and its relation to void growth, such as Ahn et al. (2006) . In this section, we couple our image stress solver to a DD simulation program, DDLab (Cai et al., 2006) , to demonstrate the capabilities of our approach.
The coupling between our solver and the DD simulation is achieved as follows. In every iteration, we let DDlab export the stress field of the dislocation in an infinite medium and calculate the traction force on the void surface. We then feed the negative traction force as the boundary condition to spherical harmonics solver to obtain the image stress solution σ img . Finally, we evaluate the Peach-Koehler forces acting on the dislocation segments and add their contributions to the nodal forces calculated by DDlab, and let the DD simulation evolve.
We performed two DD simulations of a PDL in the neighborhood of the void, with the loop radius ρ 0 = 0.75 r 0 (the loop is smaller than the void) and ρ 0 = 1.2 r 0 (the loop is larger than the void). The elastic properties for the medium are µ = 52.5 GPa, ν = 1/3, same as in Section 4.2. We only consider the glide motion of the loop so that the loop radius remains constant in the simulation. In addition, we do not consider the applied stress σ app and only consider the effect of the image stress σ img on the dislocation loop. Figure 5a shows the glide forces of the PDL with different radius values (0.75 r 0 and 1.2 r 0 ). The dislocations are always attracted towards the center of the void. For the case of the PDL with radius less than the void, the dislocation loop accelerates when getting closer to the void surface. The force reaches negative infinity when the loop is approaching the void surface. For the case of the PDL with the radius larger than the void, the dislocation loop initially accelerates as it moves from far away towards the void surface. Then, the loop decelerates and finally stops at z = 0, forming a "Saturn ring" around the void. The results are consistent with the qualitative analyses by Willis and Bullough (1969) .
In addition, the image elastic energy is evaluated during the simulation, as shown in figure 5a. The interaction energy for the loop with radius ρ 0 = 0.75 r 0 keeps decreasing towards negative infinity as the dislocation loop approaches the void surface, while the interaction energy for the loop with radius ρ 0 = 1.2 r 0 radius reaches a minimum at z = 0. These results are consistent with the behaviors of the PDL in the simulation. We have also verified (by numerical differentiation) that the glide force and the image elastic energy satisfy the following relation:
where F img z is the total glide force on the dislocation loop due to the image stress.
Discussions and Conclusions
In the present work, we develop an image stress solver for arbitrary tractions on spherical voids. Based on the expansion of the displacement potentials in the Papkovich-Neuber representation of the isotropic elasticity problem, the image stress solver outperforms the finite-element method (FEM) in terms of both efficiency and accuracy. Our method is also expected to be more efficient than the boundary element method (BEM). The stiffness matrix in BEM is usually a dense matrix, which implies that the time to solve the linear system grows with the square of the matrix size (number of boundary element nodes). However, F K J is a sparse matrix in our method, thus the time to solve the linear system grows only linearly with the matrix size (number of fundamental bases).
We have demonstrated that the spherical harmonics image stress solver can be coupled with the DD model to simulate void-dislocation interaction. The method can also be readily generalized for solving other elasticity problems with spherical boundaries. For example to model the growth of Helium bubbles inside irradiated metals (Misra et al., 2007) , the boundary condition can be changed to constant pressure (instead of zero traction) on the spherical surface. In addition, by changing the radius-dependent factor 1/r l+1 to r l when constructing the fundamental basis ψ (K) , the method can be used for solving the contact problem between spheres. Keeping both 1/r l+1 and r l terms would enable efficient solutions for dislocation interaction with inclusions and inhomogeneities. f (r) and a radius-independent part U (10, 11, 12) . These radius independent functions can then be represented as linear combinations of spherical harmonic functions, for example equation (13) . In this section, we will show how we obtain the expansion coefficientsÛ
. These functions are implemented in ShElastic toolbox and the coefficients up to l max = 40 are pre-calculated and saved as a sparse matrix.
Appendix A.1. Completeness of spherical harmonics solution
The Papkovich-Neuber solution is a general solution to the equilibrium condition (2) without rigid-body motion and rotation (Barber 3rd ed., 2009), and can be written in terms of displacement potential vector ψ and function φ:
where both ψ and φ are harmonic, i.e., satisfying Laplace's equation ∇ 2 ψ j = 0, (j = x, y, z); ∇ 2 φ = 0. Similar to section 3.1, we can choose the basis functions for the displacement potentials ψ (k,l,m) and φ (l ′ ,m ′ ) as the general solution to the Laplace's equation:
so that they completely span the solution space of the spherical void problem. However, in equation (7), we only choose the ψ terms as the fundamental bases. In the following, We will show that such an expansion is still complete, by proving that φ (l ′ ,m ′ ) can be written as a linear combination of r · ψ (k,l,m) . Given the definition of ψ (k,l,m) and
We will show that φ (l−1,m) can be written as a linear combination of r·ψ (k,l,m) . Because Y 
Because of the orthogonality of Clebsch-Gordan coefficients (Varshalovich et al., 1989) , C − is a nonsingular matrix, i.e. it can be inverted. Therefore (for −l + 1 ≤ m ≤ l), we can obtain Y 
is now expressed as a linear combination of r · ψ (x,l,m−1) , r · ψ (y,l,m−1) , and
which allows us to show that
so that φ (l−1,m) is now expressed as a linear combination of r · ψ (x,l,m+1) , r · ψ (y,l,m+1) , and r · ψ (z,l,m) . This proves that the expansion of the vector potential ψ alone into spherical harmonics completely spans the solution space.
Appendix A.2. Displacement solution
In this section, we will show how we obtain the radius independent part of the displacement basis U 
Appendix A.3. Stress and traction solution
The spatial gradient of the displacement solution u
can be expressed as 
This allows us to express the r-independent part of the stress field as a linear combination of Y m l ,
Finally, the traction vector of mode (K) at the void surface (r = r 0 ) can be evaluated as:
where n = −r is the normal vector of the void surface. Therefore, 
The product of two spherical harmonic functions Y
can be expanded as a linear combination of spherical harmonics:
where M = m 1 + m 2 , and c(l 1 , m 1 , l 2 , m 2 , L, M) is the Clebsch-Gordan (CG) coefficients (Varshalovich et al., 1989) . Note that the CG coefficients for invalid indices such as M > L or M < −L are zero. 
where the product of spherical harmonic functions can be further expressed as linear combination of spherical harmonic functions using equation (B.14). Specifically,
where the constants C 
Appendix C. Image Elastic Energy
Here we derive the expression for the image elastic energy in equation (6) . For clarity, let us define E ∞ el as the elastic energy of an infinite medium containing dislocations, as shown in figure 1(a) . For simplicity, we shall assume that there are no dislocations in the spherical region corresponding to the hole. Let E tot el be the elastic energy of interest, for which a spherical hole is carved out of the elastic medium containing the dislocations, as shown in figure 1(c) . The image elastic energy is the difference between these two energies, i.e. The image elastic energy can be considered as the interaction energy between the dislocations and the spherical void. We note that E img el has a negative value, corresponding to the attractive nature of the dislocation-void interaction.
We emphasize that E img el
is not the elastic energy E
el of the image stress problem, which is shown in figure 1(b) . In other words, while the stress field of Problem (c) in figure 1 can be obtained by superposing the stress fields of Problem (a) and Problem (b), the same is not true for elastic energies. By the way, the elastic energy of Problem (b) has a positive value and can be expressed as
Figure C.6: A reversible path between two states. In State 1, a spherical region is carved out of an infinite medium containing dislocations, but traction forces are applied to the surfaces of both the void and the sphere to maintain the stress field of dislocations in an infinite medium. In State 2, the traction forces on both surfaces have been removed.
To derive E img el , we consider a reversible path between two states shown in figure C.6, and E img el is the work done to the elastic medium along this path. Starting from an infinite medium containing dislocations but no void, State 1 is obtained by cutting the spherical region out of the medium but maintaining tractions on the surfaces of both the void and the solid sphere. The traction on the void surface is T ∞ = σ ∞ · n h , where n h is the surface normal of the void (pointing towards the spherical center); the traction on the solid sphere surface is −T ∞ = σ ∞ · n s , where n s is the surface normal of the sphere (pointing away from the spherical center). The elastic energy of State 1 is the same as E ∞ el .
State 2 is obtained from State 1 by gradually reducing the magnitude of the tractions to zero, on both the hole and sphere surfaces. On the hole surface, since the traction goes from T ∞ to 0 as the displacement increments by u img , the work done is,
On the solid sphere surface, since the traction goes from −T ∞ to 0 as the displacement changes from u ∞ to 0 (assuming no dislocations in the sphere), the work done is,
Therefore,
which proves equation (6) . The negative derivative of the image elastic energy E img el with respect to the dislocation position gives the attractive force exerted by the void on the dislocation, which (for self-consistency) is identical to the Peach-Koehler force of the image stress, as demonstrated in Section 4.3.
